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Abstract. We consider a relativistic plasma of fermions coupled to an Abelian gauge field and
carrying a chiral charge asymmetry, which might arise in the early Universe through baryogenesis. It
is known that on large length scales, λ & 1/(αµ5), the chiral anomaly opens an instability toward the
erasure of chiral charge and growth of magnetic helicity. Here the chemical potential µ5 parametrizes
the chiral asymmetry and α is the fine-structure constant. We study the process of chiral charge
erasure through the thermal fluctuations of magnetic helicity and contrast with the well-studied
phenomenon of Chern-Simons number diffusion. Through the fluctuation-dissipation theorem we
estimate the amplitude and time scale of helicity fluctuations on the length scale λ, finding δH ∼
λT and τ ∼ αλ3T 2 for a relativistic plasma at temperature T . We argue that the presence of a
chiral asymmetry allows the helicity to grow diffusively for a time t ∼ T 3/(α5µ45) until it reaches an
equilibrium value H ∼ µ5T 2/α, and the chiral asymmetry is partially erased. If the chiral asymmetry
is small, µ5 < T/α, this avenue for chiral charge erasure is found to be slower than the chiral magnetic
effect for which t ∼ T/(α3µ25). This mechanism for chiral charge erasure can be important for the
hypercharge sector of the Standard Model as well as extensions including U(1) gauge interactions,
such as asymmetric dark matter models.
Keywords: chiral anomaly, chiral magnetic effect, baryogenesis, primordial magnetic field, magnetic
helicitya
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1 Introduction
There exists a broad class of baryogenesis models in which the departure from thermal equilibrium cre-
ates an asymmetry in some anomalous global charge, and the baryon asymmetry is created as various
perturbative and non-perturbative reactions act to erase this charge and restore chemical equilib-
rium. Among these models are electroweak baryogenesis [1, 2] and leptogenesis [3, 4]. Typically the
global charge erasure is accomplished by non-perturbative thermal fluctuations of non-Abelian gauge
fields via quantum anomalies; e.g., the sum of baryon and lepton numbers is erased by electroweak
sphalerons [5]. In this work we consider instead the role of Abelian gauge fields, such as the Standard
Model hypercharge field, and explore a new avenue for global charge erasure, namely magnetic helicity
diffusion. The Abelian case is particularly interesting, because the generation of baryon number could
be accompanied by the creation of a relic magnetic field [6–8], i.e. magnetogenesis from baryogenesis,
whose detection would serve as an indirect probe of the baryogenesis epoch.
The fundamental relationship between gauge fields and global charge violation is provided by
quantum anomalies [9, 10]. The chiral anomaly manifests itself in the level crossing of chiral fermions
in the background of gauge fields with non-trivial topology. For instance, in QED, as the left and
right handed fermion energy levels cross zero energy from above and below respectively, the vector
current is still conserved whereas the axial one is not. As a result of the chiral anomaly, chiral charge
—the difference between the global charge of the right and left handed fermions— can be created
or destroyed via anomalous processes and the change in chiral charge is related to the change in the
topology of the gauge fields.
To illustrate how non-Abelian and Abelian gauge fields participate in global charge erasure, let us
consider a familiar example. In the Standard Model both baryon and lepton numbers are anomalous
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[11], as expressed by the divergences of the corresponding currents1
∂µj
µ
b = ∂µj
µ
l = Nf
g2
16pi2
Tr
[
WµνW˜
µν
]−Nf g′2
32pi2
Yµν Y˜
µν . (1.1)
Taking the spacetime integral of Eq. (1.1) leads to the conservation laws for baryon number Qb and
lepton number Ql. The change in these quantities over a finite time interval is given by
∆Qb = ∆Ql = Nf∆Ncs −Nf g
′2
16pi2
∆Hy , (1.2)
where Ncs is SU(2)L Chern-Simons number [see Eq. (2.1)] and Hy =
∫
d3xAy ·By is the helicity of
the hypermagnetic field. From Eq. (1.2) we see that changes to either Ncs or H induce the violation
of B+L and thereby facilitate the relaxation of a baryon and lepton number charge asymmetry. In a
relativistic plasma, thermal fluctuations of the non-Abelian SU(2)L gauge field cause Chern-Simons
number to diffuse, providing one avenue for baryon and lepton number erasure [12–14].
In the Abelian sector, the chiral magnetic effect [15] leads to a growth of magnetic helicity
and erasure of the corresponding global charge. A chiral charge asymmetry is erased when magnetic
helicity is created [16–21]. The inverse process, chiral charge creation, and the co-evolution of magnetic
helicity have also been studied [22–32].
Here we consider a third avenue for charge erasure, which bears similarities to both non-Abelian
Chern-Simons number diffusion and the Abelian chiral magnetic effect. In particular, we investigate
the thermal fluctuations of magnetic helicity H, the Abelian analog of Chern-Simons number. The
present study builds on our earlier work, Ref. [33], where we studied magnetogenesis from leptogenesis
assuming that magnetic helicity diffusion leads to rapid erasure of summed baryon and lepton number.
Our thermodynamic arguments and dimensional analysis developed from an analogy with Chern-
Simons number diffusion via the SU(3)c and SU(2)L sphalerons, and we revisit those arguments here.
The main aspects of our paper can be summarized as follows. We find that thermal fluctuations
of the Abelian gauge field lead to fluctuations in magnetic helicity H, and we estimate its spectrum
using the fluctuation-dissipation theorem. We argue that ∆H(t) grows diffusively for some time, like
the non-Abelian Chern-Simons number, but energetic considerations prevent unbounded growth, and
eventually the variance reaches a static equilibrium value. If the medium carries an asymmetry in
some anomalous global charge, which we call chiral charge in what follows, then helicity diffusion
leads to chiral charge erasure on large length scales.
This paper is organized as follows. In Sec. 2, we remind the reader how thermal fluctuations of
non-Abelian gauge fields lead to chiral charge erasure through Chern-Simons number diffusion and
the chiral anomaly. This discussion motivates a study of thermal fluctuations in the Abelian sector,
which we present in Sec. 3, with an emphasis on the diffusion of magnetic helicity. Our main results
appear in Sec. 4 where we calculate the time scale on which Abelian thermal fluctuations lead to
chiral charge erasure. We conclude in Sec. 5 and contrast our result with the chiral magnetic effect.
We use the Heaviside-Lorentz units (~ = 1, c = 1) and set the Boltzmann constant kB = 1.
Boldface type denotes 3-vectors, and their indices are raised and lowered with the Kronecker delta
δij = diag(1, 1, 1). Normal type denotes 4-vectors, and their indices are raised and lowered with the
Minkowski metric ηµν = diag(1,−1,−1,−1). The totally anti-symmetric tensors are normalized as
0123 = −0123 = +1 and 123 = +1.
1We use standard notation: Nf = 3 is the number of Standard Model families, Wµν and Yµν are the SU(2)L and
U(1)Y field strength tensors, W˜
µν = (1/2)µνρσWρσ and Y˜ µν = (1/2)µνρσYρσ are the dual tensors, and g and g′ are
the coupling constants. Recall that Tr
[
Fµν F˜µν
]
= (1/2)Faµν F˜
aµν for an SU(N) field strength tensor Fµν .
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Figure 1. Vacuum structure of the non-Abelian and Abelian gauge theories, represented schematically.
The energy and magnetic helicity have arbitrary units, and the non-Abelian Chern-Simons number changes
by one unit between adjacent vacua. In the Abelian case, the helicity is assumed to saturate the realizability
condition, Eq. (3.5), corresponding to a maximally helical magnetic field.
2 Global Charge Erasure by Diffusion of non-Abelian Chern-Simons Num-
ber
In an SU(N) gauge theory, it is well-known that Chern-Simons number diffuses at finite temperature,
and when the theory is coupled to fermions, there is an associated violation of (anomalous) global
charge conservation. This behavior is manifest, for instance, in the SU(3)c and SU(2)L sectors of the
Standard Model through the so-called strong and electroweak sphalerons. We review these phenomena
in this section in order to draw a contrast with the behavior of Abelian gauge fields in the following
sections. We provide citations to the original literature when relevant and refer the reader to the
review [34] or the textbook [35] for more details.
The vacuum structure of the SU(N) gauge theory exhibits a family of degenerate vacuum field
configurations in 3+1 dimensions [36]. These configurations are topologically distinct2 and identified
by their Chern-Simons number,
Ncs(t) =
g2
32pi2
∫
d3x 0αβγ
(
F aαβA
a
γ −
g
3
abcA
a
αA
b
βA
c
γ
)
, (2.1)
where Aaµ(x, t) is the gauge field, F
a
αβ(x, t) is the field strength tensor, and g is the gauge coupling.
Whereas Ncs ∈ Z is static for the vacuum field configurations, the finite-energy configurations can
have varying Ncs ∈ R, and there exist trajectories through the configuration space that interpolate
between the different topological sectors. This is illustrated in the left panel of Fig. 1.
At finite temperature thermal fluctuations allow O(1) changes in Ncs as the system passes be-
tween different topological sectors. Since the different sectors are built on degenerate vacua, there
is no net energy cost associated with such a transition. Consequently ∆Ncs(t) = Ncs(t) − Ncs(0)
2The vacuum manifold has a non-trivial third homotopy group pi3[SU(N)] = Z.
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Figure 2. Growth of Chern-Simons number and magnetic helicity for the non-Abelian and Abelian gauge
theories, represented schematically. The scales are linear, but the units are arbitrary. In the absence of
fermions, Chern-Simons number can diffuse indefinitely, going as in Eq. (2.2), but the growth of magnetic
helicity must saturate due to the energy cost of the magnetic field.
performs a random walk in this configuration space. That is to say, on time scales t much larger than
the rate of fluctuations, we have the diffusive behavior [13, 14]
〈∆Ncs(t)2〉 = 2ΓV t (2.2)
with ΓV the diffusion coefficient for a system of volume V . Angled brackets denote thermal averaging.
The diffusive growth of Chern-Simons number is illustrated in the left panel of Fig. 2.
The diffusion coefficient ΓV is estimated as follows. When crossing between different topological
sectors, the system passes close to a saddle point configuration of the free energy3 [41]. As explained
in Ref. [40], the saddle point configuration can be understood as a non-perturbatively large4 thermal
fluctuation with typical spatial extent, temporal duration, and field amplitude given by
λ ∼ 1
αT
, τ ∼ 1
α2T
, and δA ∼ √αT , (2.3)
where T is the temperature and α = g2/4pi is the fine-structure constant for SU(N). These estimates
follow immediately from the requirement δNcs ∼ αλ3 δA δB ∼ O(1), energetic considerations δB2λ3 ∼
T , and the fluctuation-dissipation theorem. We will utilize similar arguments in Sec. 3 when discussing
the Abelian field fluctuations. The Chern-Simons number diffusion coefficient is estimated as ΓV ∼
3In the Yang-Mills-Higgs theory with spontaneous symmetry breaking by a scalar field in the fundamental repre-
sentation of SU(N), there exists a saddle point configuration of the energy functional known as the sphaleron [37]. If
the theory is not Higgsed, the energy functional of SU(N) Yang-Mills does not have a saddle point [38], but instead
the energy can be lowered monotonically along a particular trajectory [39]. Nevertheless at finite temperature the free
energy acquires a saddle point, which can be viewed as a tradeoff between minimizing the energy and maximizing the
entropy [40]. This is the relevant description for SU(3)c of the SM and SU(2)L at energies well-above the symmetry
breaking scale.
4Perturbative fluctuations satisfy A ∼ 1/λ, but here A ∼ 1/(√αλ).
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(δNcs)
2V/(λ3τ) leading to [40]
Γ ∼ α5T 4 . (2.4)
If the SU(N) gauge field is coupled to fermions, some global symmetries will be violated by
non-perturbative quantum effects [9–11]. Typically one talks about symmetries that are conserved at
the classical level and refers to the quantum violation as a chiral anomaly, but the symmetry could
just as well be violated classically too. In the Standard Model, we can identify a fermion-number
symmetry for each of the SM fermion species. The corresponding Noether currents are violated by
the chiral anomalies,
1
2
∂µj
µ
QL
, −∂µjµuR , −∂µjµdR ⊃ Nf
g2s
16pi2
Tr
[
Gµν G˜
µν
]
,
1
3
∂µj
µ
QL
, ∂µj
µ
LL
⊃ Nf g
2
16pi2
Tr
[
Wµν W˜
µν
]
, (2.5)
and also by the Yukawa interactions (not shown). The factors of 2 and 3 are related to the internal
degrees of freedom, weak isospin and color, respectively, and the sign depends on the chirality of
the field; see the appendix of Ref. [33] for elaboration on the notation. When integrated over space-
time volume, the terms on the right side are just the change in Chern-Simons number, Nf∆Ncs,c
and Nf∆Ncs,w. One can explicitly verify that the SU(3)c interactions respect the conservation
of hypercharge and baryon number, but lead to the anomalous violation of axial baryon number:
∆QB5 = −(4/3)Nf∆Ncs,c with QB5 =
∫
d3x 13
(
j0uR + j
0
dR
− j0QL
)
. Similarly the SU(2)L interactions
respect hypercharge conservation, but lead to the violation of5 Q(3B+L)L =
∫
d3x
(
j0QL + j
0
LL
)
as
∆Q(3B+L)L = 4Nf∆Ncs,w. We will refer to global charges that suffer from a chiral anomaly by the
generic term of “chiral charge” in what follows.
The diffusion of the Chern-Simons number provides an avenue for the erasure of chiral charge
in a plasma. Evolution of the average chiral charge density n5 = 〈Q5〉/V is described with a kinetic
equation of the form [12–14]
∂n5
∂t
= −a Γ
T 3
n5 , (2.6)
with Γ the diffusion coefficient per unit volume from Eq. (2.2), and a a dimensionless coefficient.
Chiral charge erasure via Chern-Simons number diffusion is accomplished on a time scale
tdiff ∼ T
3
Γ
∼ 1
α5T
, (2.7)
where we have used Γ ∼ α5T 4 from Eq. (2.4).
3 Thermal Fluctuations of Abelian Gauge Fields
In Sec. 2 we reviewed how thermal fluctuations of non-Abelian gauge fields induce chiral charge erasure
via Chern-Simons number diffusion. We now investigate thermal fluctuation of Abelian gauge fields
with an emphasis on magnetic helicity, which is the Abelian analog of Chern-Simons number. We
study the implication for charge erasure in Sec. 4.
5Other violated charges can be constructed as a linear superposition of (3B + L)L with any conserved charges.
Violation of left-chiral baryon-plus-lepton number Q(B+L)L =
∫
d3x
(
1
3
j0QL
+ j0LL
)
is commonly discussed. However,
it is the combination (3B +L)L, not (B +L)L, that is relaxed to zero by the SU(2)L anomaly in thermal equilibrium.
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For an Abelian gauge theory, magnetic helicity is defined as
H(t) = 1
2
∫
d3x 0αβγ
(
FαβAγ
)
=
∫
d3xA(x, t) ·B(x, t) . (3.1)
The Abelian analog of the non-Abelian Chern-Simons number, Eq. (2.1), is related to magnetic helicity
as Ncs = (α/4pi)H. As with the Chern-Simons number, H is gauge invariant if the magnetic field,
B =∇×A, has no component normal to the boundary of integration.
We are interested in the spectrum of thermal helicity fluctuations,
〈∆H(t)2〉 = 〈(H(t)−H(0))2〉 . (3.2)
Before calculating this quantity, let us draw a contrast between the fluctuations of Abelian helicity
and non-Abelian Chern-Simons number. Specifically, we saw in Eq. (2.2) that Chern-Simons number
diffuses, 〈∆N2cs〉 ∝ t, and we might anticipate a similar asymptotic behavior for magnetic helicity,
〈∆H2〉 ∝ t. However, the diffusion of Chern-Simons number is a direct consequence of the unique
periodic vacuum structure of non-Abelian SU(N) gauge theories. As we can see in Fig. 1, the growth
of Ncs does not come with any energy cost. The electric and magnetic fields vanish for the vacuum
configurations, but Ncs may be nonzero due to the cubic term in Eq. (2.1), which is absent in the
definition of magnetic helicity in Eq. (3.1). On the other hand, in the Abelian sector only finite-
energy configurations, B 6= 0, may have nonzero H. Clearly the late time behavior cannot be
diffusive, ∆H2 ∝ t, as this would require infinite energy. Instead we expect a diffusive behavior at
early times and saturation to some temperature-limited asymptotic value at late times. This behavior
is illustrated schematically in the right panel of Fig. 2.
Since the relationship between energy and helicity will be important for our calculations, let
us take a moment to develop this connection. Moving to Fourier space and decomposing onto the
circular polarization basis, B±(k, t), we write the magnetic helicity and magnetic energy as [42]
H(t) =
∫
d3xA ·B =
∫
dk
k
Hk(t) with Hk(t) = 1
k
∫
k2dΩk
(2pi)3
(
|B+|2 − |B−|2
)
(3.3)
E(t) = 1
2
∫
d3x |B|2 =
∫
dk
k
Ek(t) with Ek(t) = 1
2
∫
k2dΩk
(2pi)3
(
|B+|2 + |B−|2
)
. (3.4)
The so-called realizability condition follows immediately, [43]
|Hk(t)| ≤ 2
k
Ek(t) . (3.5)
For a given helicity the minimum energy configuration, which saturates the inequality, is said to be
maximally helical, i.e. built up from only one circularization mode or the other. The energy cost
associated with a maximally helical field is illustrated schematically in the right panel of Fig. 1.
Following the same approach as in Eqs. (2.3) and (2.4) for the non-Abelian case, we will soon
estimate the spectrum of thermal fluctuations leading to helicity diffusion. One would prefer to
evaluate the diffusion coefficient directly by calculating the four-point correlation function in Eq. (3.2)
with perturbative techniques. However, for the non-Abelian case it is well-known that perturbation
theory fails to capture Chern-Simons number diffusion [44, 45]. We have already seen in Eq. (2.3)
that the thermal fluctuations responsible for Chern-Simons number diffusion are non-perturbatively
large, and in Eq. (3.6) we will find the same result for Abelian thermal fluctuations. Thus we eschew a
direct calculation of the diffusion coefficient, but instead we are guided by the earlier work on Chern-
Simons number fluctuations [40]. We expect that the following estimates give the correct parametric
behavior, but the dimensionless coefficients are undetermined.
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Figure 3. The amplitude of gauge field fluctuations Arms as a function of frequency ω divided by wavenumber
k = |k|. The amplitude is normalized by the ratio of Debye length a and temperature T . We calculate Arms
in Eq. (C.12) using the fluctuation-dissipation theorem (solid), and it matches well the approximation in
Eq. (3.8) (dashed).
Now we estimate the amplitude and rate of thermal fluctuations on a length scale λ = 2pi/k. The
equipartition theorem relates the amplitude of energy fluctuations to temperature, δE ∼ T . Writing
δE ∼ λ3(δB)2 as in Eq. (3.4) gives the magnetic field and vector potential amplitudes,
δB ∼
√
T
λ3
and δA ∼ λδB ∼
√
T
λ
. (3.6)
Writing δH ∼ λ3 δA δB as in Eq. (3.3), we estimate the amplitude of helicity fluctuations as
δH ∼ λT . (3.7)
Note that the realizability condition, Eq. (3.5), is saturated since δH ∼ λδE , and both circular
polarization modes are equally represented. We are generally interested in length scales much larger
than the inter-particle spacing, typically O(1/T ) for a relativistic plasma, and thus δH  1 for the
scales of interest. This should not be surprising; we had the same result in the non-Abelian case
where δNcs ∼ 1 implies δH ∼ δNcs/α  1 for α  1. On such large scales, the field fluctuations are
non-perturbatively large, δA 1/λ.
The corresponding fluctuation time scale is obtained from the fluctuation-dissipation theorem6.
In Appendix C, we have calculated the spectrum of thermal fluctuations on the time scale τ = 2pi/ω.
The result is illustrated in Fig. 3 where we plot the root-mean-square (rms) field amplitude. The
analytic result is well-approximated to the left of the peak by Eq. (C.13),
Arms(k, ω) ∼
√
T
a
(
1
4pik
√
1
2pia
ω1/2 − pi
128a4k7
√
1
2pia
ω5/2 + · · ·
)
, (3.8)
6In linear response theory, the fluctuation-dissipation theorem relates the spectrum of a fluctuating variable to some
dissipative property of the system (see e.g., chapter 1 of [46]). Thus, thermal fluctuations of the gauge field are calculated
from the imaginary part of the thermal propagator. We give a quick proof of the fluctuation-dissipation theorem in
Appendix B and describe the thermal propagators in Appendix C.
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up to terms that are higher order in ω/k  1 and ak  1 and ω/T  1. The Debye length evaluates
to a =
√
6/11×1/(g′T ) for the hypercharge plasma of the Standard Model [47]. The spectrum peaks
at a frequency ω ∼ a2k3, corresponding to a time scale
τ ∼ λ
3
a2
, (3.9)
and the field amplitude δA is given by our earlier estimate, Eq. (3.6). One can perform a similar
analysis for non-Abelian thermal fluctuations [40]. In fact, evaluating Eqs. (3.6) and (3.9) with
λ ∼ 1/(αT ) and a ∼ 1/(√αT ) leads to the spectrum of non-Abelian gauge field fluctuations in
Eq. (2.3) and the diffusion coefficient in Eq. (2.4).
As we discussed at the beginning of this section, we expect the helicity to grow diffusively on
short time scales. Using the results above, Eqs. (3.7) and (3.9), we can estimate
〈∆H(t)2〉 ∼ (δH)2 t
τ
V
λ3
∼ 2ΓV t with Γ ∼ a
2T 2
λ4
. (3.10)
Diffusion will persist until the helicity grows to its equilibrium value. In the next section we will see
that the presence of a chiral asymmetry induces a large equilibrium value for the magnetic helicity,
and the approach to equilibrium lasts for a macroscopically large time. If there is no chiral asymmetry,
the equilibrium value is comparable to δH ∼ λT as we estimated in Eq. (3.7), and the diffusive period
is brief.
4 Chiral Charge Erasure by Abelian Helicity Fluctuations
Having estimated the spectrum of magnetic helicity fluctuations in the previous section, we now study
the associated chiral charge erasure.
4.1 Instability of Chiral Plasma
In this section we demonstrate that a plasma carrying an asymmetry in an anomalous chiral charge
is unstable toward the growth of a helical magnetic field. We argue from an energetic perspective by
calculating the free energy. This argument appears in earlier work, e.g. Ref. [16], and our presentation
extends and clarifies the argument.
We consider a QED plasma for ease of discussion and generalize to the hypercharge sector of the
Standard Model at the end of this section. To set the notation we present the QED Lagrangian:
L = Ψ(i /D −m)Ψ− 1
4
FµνF
µν (4.1)
with Ψ(x, t) a Dirac spinor, Aµ(x, t) a gauge potential, /DΨ = γ
µ(∂µ + ieAµ)Ψ, and Fµν = ∂µAν −
∂νAµ. The vector, axial-vector, and (Abelian) Chern-Simons current densities are
jµ = ΨγµΨ , jµ5 = Ψγ
µγ5Ψ , kµ = 2µαβγFαβAγ . (4.2)
An inertial observer with 4-velocity uµ = (1, 0, 0, 0) identifies the corresponding charge operators,
Q(t) ≡
∫
d3x j0 , Q5(t) ≡
∫
d3x j05 , H(t) ≡
1
4
∫
d3x k0 . (4.3)
These operators represent fermion number (electromagnetic charge per unit e), axial fermion number
(chiral charge), and electromagnetic helicity, respectively. The current densities satisfy
∂µj
µ = 0 , (4.4)
∂µj
µ
5 = 2imΨγ
5Ψ− α
2pi
Fµν F˜
µν , (4.5)
∂µk
µ = 2Fµν F˜
µν , (4.6)
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Figure 4. The configuration space parametrized by chiral charge Q5 and helicity H. The linear combination
Q+ = αH/pi+Q5 is conserved, and the orthogonal combination Q− = αH/pi−Q5 is violated by the anomaly.
We assume that the perturbative spin flip process, which only violates Q5, is out of equilibrium.
where α = e2/4pi is the fine structure constant. The first term in Eq. (4.5) arises from the chirality-
violating mass in Eq. (4.1), and the second term is the Adler-Bell-Jackiw axial anomaly [9, 10].
Whereas Eq. (4.4) implies Q is conserved, Eq. (4.5) reveals that Q5 is violated both perturbatively
through the electron mass and non-perturbatively through the anomaly. Perturbative violation of Q5
takes the form of chirality-changing (spin-flip) scattering processes7. In the early Universe, the rate
of these reactions is suppressed by (m/T )2, and at sufficiently high temperature they are out of
thermal equilibrium8. We focus on this regime and neglect the electron mass from this point onward.
Therefore chirality violation is accomplished only through anomaly, and we identify the conserved
current jµ5 + (α/4pi)k
µ. Thus the system has two conserved charges
∆Q = 0 and
α
pi
∆H+ ∆Q5 = 0 . (4.7)
It is convenient to introduce
Q±(t) ≡ α
pi
H(t)±Q5(t) (4.8)
such thatQ+ is conserved. The configuration space is represented in Fig. 4. Chirality violation through
the anomaly must respect the conservation law in Eq. (4.7), but perturbative chirality violation
through the spin flip interaction can change Q5 directly.
Consider now a QED plasma with a magnetic field. We are interested in how the free energy
F varies over the configuration space, parametrized by Q5 and H. In the fermion sector there are
four degrees of freedom: the two polarization states of the electron (eL, eR) and the positron (e¯L,
e¯R). In thermal equilibrium, the phase space distribution functions take the Fermi-Dirac form, and
we introduce chemical potentials for each degree of freedom. Gauge interactions such as eLe¯R ↔ γγ
7The leading order Feynman diagram requires a mass insertion on the internal fermion propagator.
8The spin-flip interaction remains out of equilibrium for T & 80 TeV [48]. For heavier fermions the interaction comes
into equilibrium at a higher temperature.
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occur rapidly and enforce chemical equilibrium, µe¯R = −µeL and µe¯L = −µeR . The distribution
functions can be written as
feR =
(
e(Ep−µeR )/T + 1
)−1
, fe¯L =
(
e(Ep+µeR )/T + 1
)−1
feL =
(
e(Ep−µeL )/T + 1
)−1
, fe¯R =
(
e(Ep+µeL )/T + 1
)−1
. (4.9)
At temperatures T  m the energy is approximately Ep =
√|p|2 +m2 ≈ |p|. The average fermion
number and chiral charge densities are
n = 〈Q〉/V =
∫
d3p
(2pi)3
(
feR − fe¯R + feL − fe¯L
)
≈ 1
6
µQT
2 +O(µ3) , (4.10)
n5 = 〈Q5〉/V =
∫
d3p
(2pi)3
(
feR + fe¯R − feL − fe¯L
)
≈ 1
6
µ5T
2 +O(µ3) , (4.11)
where µQ ≡ µeR + µeL and9 µ5 ≡ µeR − µeL . For a neutral plasma µQ = 0, but we keep the
calculation general. We have assumed a small chiral asymmetry and dropped terms that are higher
order in µ/T  1. The average energy density is
ρ =
∫
d3p
(2pi)3
Ep
(
feR + fe¯R + feL + fe¯L
)
= 4× 7
8
pi2
30
T 4 +
1
8
(
µ25 + µ
2
Q
)
T 2 +O(µ4) , (4.12)
where the factor of 4 counts the degrees of freedom. The additional energy density associated to the
chiral asymmetry, O(µ25T 2), allows for the generation of magnetic field with strength B ∼ µ5T as we
will see below. For the relativistic plasma, the pressure is P = ρ/3 and the Helmholtz free energy is
Ffermions =
(−P + µeR neR + µeL neL)V ≈ −4× 78 pi290T 4V + 124(µ25 + µ2Q)T 2V +O(µ4V ) . (4.13)
Due to the second term, it is energetically disfavored for the system to maintain the chiral asymmetry
if it can instead be relaxed (µ5 → 0).
If additionally the plasma contains a coherent magnetic field, the corresponding free energy con-
tribution is just its energy Ffield = |B(x, t)|2V/2. To reduce the configuration space to a manageable
number of degrees of freedom, we suppose that only one Fourier mode has nonzero amplitude. Let
the corresponding wavevector be k = (2pi/λ)kˆ, and then Ffield = B
2
λV/2 = Eλ with Eλ the energy
carried by the magnetic field. In general the magnetic helicity and energy are related by realizability
condition, Eq. (3.5), which now takes the form
|Hλ| ≤ (λ/pi)Eλ . (4.14)
Thus by assuming that the magnetic field is in a single maximally helical Fourier mode, we reduce
the configuration space to four degrees of freedom: kˆ, λ, and Hλ.
Combining the free energy of the fermions and the magnetic field gives
F =
pi
λ
|Hλ|+ 1
24
µ25T
2V (4.15)
plus terms independent of Hλ or µ5. If Hλ and µ5 could vary independently, the system would evolve
toward an equilibrium where Hλ = 0 and µ5 = 0. However, the conservation law in Eq. (4.7) expresses
9More generally the axial chemical potential is calculated as µ5 = (µR−µL)/2, by summing all right and left handed
particles. The factor of 2 is canceled to give µ5 = µeR − µeL because of the relation µF¯ = −µF between anti-particle
and particle chemical potentials. Note that γ5 = PR − PL without the factor of 2.
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a constraint requiring changes in µ5 to be compensated by changes in Hλ. To make this explicit, we
eliminate µ5 from Eq. (4.15) in favor of the conserved charge
Q+ =
α
pi
Hλ + 1
6
µ5T
2V , (4.16)
given by Eqs. (4.8) and (4.11). Doing so gives
F =
3
T 2V
α2
2pi2
H2λ + pi
( |Hλ|
λ
− Hλ
λc
)
+
3
2T 2V
Q2+ (4.17)
where we have defined the “critical” length scale
λc ≡ T
2V
3
pi2
α
1
Q+
. (4.18)
Now suppose that the system is prepared with a chiral asymmetry parametrized by µ5,i > 0
and vanishing average magnetic field Hλ,i = 0. Equation (4.16) gives the conserved charge, Q+ =
µ5,iT
2V/6. Then the critical length becomes
λc =
2pi2
αµ5,i
, (4.19)
and the free energy is
F =
3
T 2V
α2
2pi2
H2λ + pi
( |Hλ|
λ
− Hλ
λc
)
+
1
24
µ25,iT
2V . (4.20)
We minimize the free energy to determine the equilibrium configuration10. This is illustrated graph-
ically in Fig. 5. On short length scales, λ < λc, the free energy is minimized at 〈Hλ〉eq = 0 implying
that it is energetically favored to maintain the chiral asymmetry instead of growing the magnetic
helicity. From the realizability condition, Eq. (4.14), there is a large energy cost associated to helicity
changes on small length scales. On the other hand at large scales, λ > λc, the free energy is minimized
at
〈Hλ〉eq = pi
6α
µ5,iT
2V
(
1− λc
λ
)
(4.21)
and
〈Q5〉eq = 1
6
µ5,iT
2V
λc
λ
(4.22)
implying that the system wants to remove some of the chiral charge at the expense of growing the
magnetic helicity. The corresponding magnetic field strength is estimated as Bλ ∼
√Hλ/(λV ) giving
〈Bλ〉eq = µ5,iT
√
1
12pi
(
1− λc
λ
)
λc
λ
. (4.23)
This completes the instability argument. Note that 〈Hλ〉eq and 〈Bλ〉eq are not predictions for the
spectra, but rather they are the predicted amplitudes of helicity and field strength if the maximally
helical magnetic field were carried by a single Fourier mode k = 2pi/λ. Since all long wavelength modes
can be excited λ > λc, Eqs. (4.21) and (4.23) are more realistically interpreted as upper bounds on
the spectra.
10Since the system is at finite temperature, it is energetically preferable to minimize the energy E and maximize
the entropy S in such a way that the Helmholtz free energy, F = E − TS = −PV + µN , is minimized as the system
approaches thermal equilibrium [49]. The fermions contribute to both E and S.
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Figure 5. The free energy given by Eq. (4.20). On small length scales, λ < λc, the free energy is dominated
by the energy cost of creating a helical magnetic field, Eλ ≈ pi|Hλ|/λ. On large length scales, λ & λc, the free
energy is minimized at Hλ 6= 0, and it is energetically favorable for the helicity to grow.
The generalization to other Abelian gauge theories is straightforward. We assign a chemical
potential µF to each fermionic particle and a chemical potential µF¯ to the corresponding anti-particle
(CP conjugate). Then the chiral chemical potential is generalized to µ5 =
∑
x=F,F¯ χx q
2
x µx/2 where
χ is the chirality (+1 for right, −1 for left) and q is the U(1) charge. Assuming the gauge interactions
are in chemical equilibrium, particles in the same gauge multiplet are forced to have the same chemical
potential while anti-particles are just the opposite, µF¯ = −µF . The the chiral chemical potential is
calculated by taking one representative particle from each multiplet, [50]
µ5 =
∑
f
κf χf q
2
f µf , (4.24)
and κf counts the internal degrees of freedom (e.g., color and isospin). For QED we have f = {eR , eL}
with κeR = κeL = 1, χeR = −χeL = 1, qeR = qeL = 1, and thus µ5 = µeR − µeL as in Eq. (4.11).
For the hypercharge sector of the SM we replace the QED axial anomaly, Eq. (4.5), with the set
of chiral anomalies
− ∂µj
µ
uR
3(yuR/2)
2
, − ∂µj
µ
dR
3(ydR/2)
2
, − ∂µj
µ
eR
(yeR/2)
2
,
∂µj
µ
QL
6(yQL/2)
2
,
∂µj
µ
LL
2(yLL/2)
2
⊃ Nf g
′2
16pi2
Yµν Y˜
µν . (4.25)
These can be compared with Eq. (2.5) for the non-Abelian sectors. The factors of κf = 2, 3 and
6 count the internal degrees of freedom, and the charges under U(1)Y are yQL = 1/3, yuR = 4/3,
ydR = −2/3, yLL = −1, and yeR = −2. The anomalies in Eq. (4.25) respect four conservation laws
(among them are hypercharge and baryon-minus-lepton number) and lead to the anomalous violation
of hypercharge-weighted chiral charge, Q5 =
∫
d3x
(−y2QLj0QL + y2uRj0uR + y2dRj0dR − y2LLj0LL + y2eRj0eR).
Then Eq. (4.24) gives the chiral chemical potential to be
µ5 = Nf
[
3
(
4
3
)2
µuR + 3
(
−2
3
)2
µdR + (−2)2 µeR − 6
(
1
3
)2
µQL − 2 (−1)2 µLL
]
,
=
Nf
3
[
16µuR + 4µdR + 12µeR − 2µQL − 6µLL
]
. (4.26)
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While we refer to charge associated with µ5 as a chiral charge, it could be more appropriately described
as a squared-hypercharge-weighted chiral charge.
4.2 Diffusive Approach to Equilibrium
We now estimate the time scale tdiff required for the system to reach equilibrium via diffusive thermal
fluctuations of magnetic helicity. We previously studied helicity fluctuations in Sec. 3. Focusing
now on the instability length scale identified in Eq. (4.19), we have the length scale, time scale, and
amplitude of helicity fluctuations from Eqs. (3.7) and (3.9) to be
λc ∼ 1
αµ5
, τc ∼ 1
α3µ35a
2
, and δHc ∼ T
αµ5
. (4.27)
The diffusive growth of magnetic helicity was estimated in Eq. (3.10), and for the length scale of
interest it evaluates to
〈∆H2λc〉 ∼ (δHc)2
t
τc
V
λ3c
∼ 2ΓcV t with Γc ∼ a2T 2α4µ45 . (4.28)
Recalling that a2 ∼ 1/(αT 2), we find the diffusion coefficient to be ΓcV ∼ α3µ45V .
We expect that the magnetic helicity will continue to grow until it reaches its equilibrium value.
When the system reaches thermal equilibrium, the probability distribution for Hλ is proportional to
the Boltzmann factor, exp[−F/T ], with the free energy given by Eq. (4.20). For λ > λc this is a
Gaussian distribution with variance
〈H2λ〉eq =
T 3V
9
2pi2
α2
. (4.29)
Equating Eqs. (4.28) and (4.29) we estimate the time to reach equilibrium11,
tdiff ∼ 〈H
2
λ〉eq
ΓcV
∼ T
a2α6µ45
. (4.30)
This estimate is one of the main results of our paper. It reveals that the diffusive approach to
equilibrium is very slow if the initial chiral asymmetry is small, going like 1/µ45. This result should be
compared with Eq. (2.7) for the case of Chern-Simons number diffusion. However, we note that the
anomalous charges violated in the non-Abelian and Abelian cases will typically differ. In particular,
for the case of SM hypercharge sector, the chiral charge given by Eq. (4.26) is relaxed during the
diffusion.
5 Summary and Discussion
In this paper we have provided a new perspective on chiral charge erasure via the diffusion of magnetic
helicity. Our approach and results are summarized as follows. We estimated the spectrum of thermal
magnetic helicity fluctuations using the fluctuation-dissipation theorem in Sec. 3. We argued that the
magnetic helicity grows diffusively, 〈(H(t) − H(t′))2〉 ∝ t − t′, until it reaches an equilibrium value
determined by energetic limitations. In the presence of a chiral asymmetry with chemical potential
µ5, the equilibrium value is displaced from zero. On large length scales, λ & 1/(αµ5) given by
Eq. (4.19), the equilibrium magnetic helicity and field strength are given by Eqs. (4.21) and (4.23) as
11These estimates are motivated by an analogy with the one-dimensional random walk in a parabolic confining
potential, i.e. the Ornstein-Uhlenbeck process [51]. The probability distribution for the particle’s location evolves
subject to the Smoluchowski equation [52] with a delta-function initial condition. The variance of the displacement
grows linearly until it reaches the equilibrium value after a time t ∼ 〈x2〉eq/D with D the diffusion coefficient.
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non-Abelian Abelian
Fluctuation length scale relevant for charge erasure (λc)
1
αnAT
1
αAµ5
Fluctuation time scale relevant for charge erasure (τc)
1
α2nAT
T 2
α2Aµ
3
5
Time scale to accomplish charge erasure (tdiff)
1
α5nAT
T 3
α5Aµ
4
5
Table 1. Comparison of non-Abelian SU(N) and Abelian U(1) thermal fluctuations leading to diffusion of
Chern-Simons number and magnetic helicity at temperature T . The non-Abelian and Abelian gauge couplings
enter the corresponding fine-structure constant, given by α = g2/(4pi), and we have written the Debye length
as a ∼ 1/(√αT ). In deriving the Abelian relations we have assumed a small chiral charge asymmetry, µ5 < T .
H ∼ µ5T 2V/α and B ∼ µ5T . The system approaches equilibrium through helicity diffusion on a time
scale t ∼ T/(a2α6µ45) given by Eq. (4.30), and a ∼ 1/(
√
αT ) is the Debye length. Due to the chiral
anomaly, helicity diffusion is accompanied by a partial erasure of the initial chiral charge, given by
Eq. (4.22). On short length scales, λ . 1/(αµ5), it is energetically preferable for the system to retain
its chiral charge without the generation of magnetic helicity.
Chiral charge erasure by magnetic helicity diffusion is different in many aspects from non-Abelian
Chern-Simons number diffusion:
1. We compare the relevant length and time scales in Table 1. In the non-Abelian case, 1/(αT )
is the shortest length scale on which thermal fluctuations satisfy δNcs ∼ O(1). In the Abelian
case, charge erasure is only energetically favorable on large length scales where the energy cost
of creating a magnetic field is smaller than the energy liberated in erasing the chiral asymmetry.
For µ5  T , which is typically the case for asymmetries arising from baryogenesis, charge
erasure is much slower in the Abelian case.
2. In the non-Abelian case, Chern-Simons number can be carried by the vacuum sector, and
therefore we do not expect Chern-Simons number diffusion to produce radiation of a non-
Abelian magnetic field while the system remains in thermal equilibrium12. In the Abelian gauge
theory, the chiral anomaly requires changes in chiral charge to be compensated by changes in
magnetic helicity, Eq. (4.7), and thus charge erasure is accompanied by helicity generation. We
expect this magnetic helicity to be associated with the radiation of a coherent magnetic field,
because the chiral anomaly is non-perturbative in nature. This assumption has been implicit in
our calculations. If the plasma acquires a helicity without the creation of a coherent magnetic
field, perhaps because the helicity is carried by the photons comprising the thermal bath, then
the helicity–energy relation in Eq. (4.14) does not hold, and the energetic argument of Sec. 4.1
breaks down. Specifically, if helicity is created without any energy cost, then helicity diffusion
will resemble the diffusion of Chern-Simons number.
3. If the non-Abelian theory is not coupled to fermions, Chern-Simons number diffusion can con-
tinue indefinitely since there is no energy cost associated with O(1) changes in Ncs due to the
periodic vacuum structure of the theory. Coupling the theory to fermions, which is the case for
the SM gauge groups anyway, the diffusion of Ncs is accompanied by a diffusion of the associated
anomalous global charge. Since there is an energy cost to this global charge asymmetry, µ2T 2V ,
the diffusion cannot continue indefinitely [13, 14]. During Ncs diffusion and subsequent erasure
of the chiral asymmetry, the energy in fermions simply thermalize and an additional entropy
12However at the electroweak phase transition it has been argued that Chern-Simons number in SU(2)L can convert
into magnetic helicity of U(1)em [53].
– 14 –
is injected to the system. In the Abelian sector the magnetic helicity carried by a coherent
magnetic field is also unable to grow indefinitely, but this is the case even if the theory were not
coupled to fermions. This is because a magnetic field with helicity H costs an energy E & H/λ,
as in Eq. (3.5).
4. The chiral anomalies of the Standard Model, Eq. (2.5), imply that diffusion of Ncs in the
SU(3)c and SU(2)L sectors leads to the erasure of axial baryon number and left-chiral baryon-
plus-lepton number, respectively. Magnetic helicity diffusion in the U(1)Y sector tends to erase
the squared-hypercharge-weighted chirality, given by Eq. (4.25).
The diffusive growth of magnetic helicity in an Abelian plasma can be studied more rigorously
using lattice gauge theory techniques. The quantity of interest is [14]
Γ(t) =
1
2
lim
V→∞
∫ t
−t
dt′
∫
V
d3x′
1
2
〈
q(x′)q(0) + q(0)q(x′)
〉
(5.1)
with q(x) ≡ g2/(16pi2)Yµν Y˜ µν . For non-Abelian fields in the absence of fermions, limt→∞ Γ(t) gives
the diffusion coefficient appearing in Eq. (2.2). For Abelian fields we expect that Γ(t) ∼ 1/t and
〈∆H2〉 = 2ΓV t is static at late times, because helicity fluctuations reach their equilibrium value, as
we argued in Sec. 3. It would be interesting to study the evolution of magnetic helicity in the presence
of a chiral asymmetry using lattice techniques.
The growth of magnetic helicity can also be studied in the formalism of chiral MHD [31]. The
combination of a chiral asymmetry µ5 and background magnetic field B lead to a non-dissipative
electric current j = (2α/pi)µ5B, via the chiral magnetic effect [15]. Combining Maxwell’s equations
with the non-dissipative current and Ohm’s law leads to the induction equation
B˙ =
1
σ
∇2B + 2α
pi
µ5
σ
∇×B . (5.2)
The conductivity is σ ∼ T/α for a relativistic plasma [54]. This linear equation is easily solved in
Fourier space after decomposing onto the circular polarization basis:
B±(k, t) = B±(k, ti) exp
[
− 1
σ
(
k ∓ kc
)2
(t− ti)
]
exp
[ 1
σ
k2c (t− ti)
]
, (5.3)
where µ¯5 is the time average of µ5. The instability scale, kc = αµ¯5/pi or λc = 2pi
2/(αµ¯5), is the same
one we encountered from the purely energetic arguments leading to Eq. (4.19). One of the helicity
modes is unstable toward an exponential amplification on large length scales 1/k > 1/kc, and the
instability develops on a time scale
tcme ∼ σ
k2c
∼ T
α3µ¯25
. (5.4)
Comparing with the diffusion time scale in Eq. (4.30), we see that generally tcme/tdiff ∼ (αµ¯5/T )2 < 1
for µ¯5 < T/α, as we have assumed. Then equilibrium is always reached through the MHD instability
before it is reached by diffusion. However, it remains to be seen whether the diffusive growth of
magnetic helicity can have practical applications in a plasma with large chiral asymmetry (see e.g.,
Ref. [55–57], where chiral instabilities have been studied in the presence of a large chiral asymmetry.).
In comparing helicity diffusion and the chiral magnetic effect, it is worth emphasizing that both
avenues for magnetic field generation rely on the chiral anomaly and must satisfy the conservation law
∆H = −(α/pi)∆Q5. Although the full spectrum of the magnetic field will depend on the dynamics of
its generation, we see in this equation that the sign of the magnetic helicity is determined by the sign
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of the initial chiral asymmetry in a model-independent way. Since the relationship with the baryon
asymmetry is model-dependent, one can hope to use measurements of the relic primordial magnetic
field to discriminate between models of baryogenesis, for instance using TeV blazars and the diffuse
gamma ray data [58–61].
Chiral charge erasure via helicity diffusion may have implications for early Universe cosmology.
We compare the helicity diffusion time scale, tdiff from Eq. (4.30), with the age of the Universe
tU . During radiation domination, tU ∼ H−1 ∼ Mpl/T 2 with H the Hubble parameter and Mpl ∼
1018 GeV the Planck mass. Charge erasure is accomplished through helicity diffusion at temperature
T provided that tdiff < tU or
µ5
T
&
(
T
Mpl
)1/4
1
α5/4
∼ 10−1
(
T
100 TeV
)1/4
. (5.5)
We use α ∼ 1/100 in the estimate. We have normalized to 100 TeV since the perturbative spin-
flip interaction comes into equilibrium below this scale [48] and tends to erase the chiral asymmetry
µ5 without an associated generation of magnetic field. If the chiral asymmetry were comparable in
magnitude to the baryon asymmetry of the Universe we would expect n5 ∼ 10−10T 3 or µ5 ∼ 10−8T .
For such a small chiral asymmetry, the estimates of tdiff in Eqs. (4.30) and (5.5) imply that helicity
diffusion is too slow to accomplish any significant degree of charge erasure or magnetogenesis. Thus,
our estimates cannot confirm the assumption of rapid charge erasure via magnetic helicity diffusion,
which was utilized in Ref. [33] to calculate the production of helical magnetic fields from leptogenesis.
This is not to say that a primordial magnetic field cannot arise in association with leptogenesis (or
baryogenesis) since charge erasure can also be accomplished through the chiral magnetic effect rather
than helicity diffusion [16–19, 25–27] (see also [20–24, 28–32, 62]).
Our analysis is sufficiently general that it has applications to Abelian gauge extensions of the
Standard Model. The additional U(1) sectors could be related to lepton number, supersymmetric R-
charge, or asymmetric dark matter to give a few examples. Provided that the U(1) is unbroken in the
early Universe and the associated charge carriers are relativistic, Eq. (5.5) gives the condition for chiral
charge erasure by magnetic helicity diffusion. In particular, there could be a wide range of applications
for asymmetric dark matter models, where the dark matter could be charged under a gauged dark
U(1) and its abundance is determined via non-perturbative processes similar to baryogenesis [63, 64].
Finally, although we have focused on the chiral instability of an Abelian plasma, we expect that the
energetic argument of Sec. 4.1 will carry over to non-Abelian plasmas as well. In fact, Refs. [57, 65, 66]
recently studied chiral instabilities in a non-Abelian plasma with large chiral asymmetry. In addition
to the well-known sphaleron processes, it might be interesting to study chiral charge erasure through
the non-Abelian analog of helicity diffusion.
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A Summary of Green’s Functions
First we define the various propagators (see also Chapter 3 of [67]). The time-ordered or causal
propagator is
iGcij(x− x′) ≡ 〈T Ai(x)Aj(x′)〉 . (A.1)
It reduces to
iG>ij(x− x′) ≡ 〈Ai(x)Aj(x′)〉 , (A.2)
iG<ij(x− x′) ≡ 〈Aj(x′)Ai(x)〉 , (A.3)
for (x0 − x′0) > 0 and < 0, respectively. The retarded and advanced propagators are
iGrij(x− x′) ≡ Θ(x0 − x′0)〈[Ai(x), Aj(x′)]〉 , (A.4)
iGaij(x− x′) ≡ −Θ(x′0 − x0)〈[Ai(x), Aj(x′)]〉 . (A.5)
The symmetrized and anti-symmetrized propagators are
iGsymij (x− x′) ≡ 〈{Ai(x), Aj(x′)}〉 , (A.6)
iGasymij (x− x′) ≡ 〈[Ai(x), Aj(x′)]〉 . (A.7)
The various propagators obey the following relations,
G>ij(x− x′) = G<ji(x′ − x) ,
Gasym(x− x′) = G>(x− x′)−G<(x− x′) = Gr(x− x′)−Ga(x− x′) ,
Gsym(x− x′) = G>(x− x′) +G<(x− x′) =
{
Gr(x− x′) , x0 > x′0
Ga(x− x′) , x0 < x′0
. (A.8)
For notational clarity we have suppressed the subscript ij here and below.
The propagators also have a Fourier space representation,
G˜α(K) =
∫
d4(x− x′)Gα(x− x′) eiK·(x−x′) (A.9)
where α labels the propagator andKµ = (ω,k) is the 4-momentum. In general G˜α(K) is meromorphic,
and we assume that its poles and branch cuts are displaced from the real-ω axis so that the inverse
Fourier transform,
Gα(x− x′) =
∫
d4k
(2pi)4
G˜α(K) e−ik·(x−x
′) , (A.10)
is well-defined when we integrate ω = K0 ∈ (−∞,∞). The two-point functions are related to the
propagators by
〈Ai(K)Aj(K ′)†〉 = (2pi)4δ(K −K ′) iG˜>ij(K) , (A.11a)
〈Aj(K ′)†Ai(K)〉 = (2pi)4δ(K −K ′) iG˜<ij(K) , (A.11b)
〈[Ai(K), Aj(K ′)†]〉 = (2pi)4δ(K −K ′) iG˜symij (K) , (A.11c)
〈{Ai(K), Aj(K ′)†}〉 = (2pi)4δ(K −K ′) iG˜asymij (K) . (A.11d)
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Assuming spatial isotropy, the propagators admit a tensor decomposition
G˜αij(K) = P
L
ij (kˆ)L
α(k, ω) + PTij (kˆ)T
α(k, ω) + PAij (kˆ)A
α(k, ω) , (A.12)
where the longitudinal, transverse, and axial projection operators are defined by
PLij (kˆ) = kˆikˆj , P
T
ij (kˆ) = δij − kˆikˆj , and PAij (kˆ) = −iijkkˆk , (A.13)
and k = |k| and kˆ = k/|k|. This reduces the propagator to the three functions, Lα, Tα, and Aα.
Writing the longitudinal and transverse components of the polarization tensor as Πl(k, ω) and
Πt(k, ω), the retarded and advanced propagators have a particularly simple pole structure,
Lr,a(k, ω) =
1
(ω ± i)2 − k2 −Πl(k, ω ± i) , (A.14a)
T r,a(k, ω) =
1
(ω ± i)2 − k2 −Πt(k, ω ± i) , (A.14b)
and Ar,a(k, ω) = 0. The limit → 0 should be taken at the end of the calculation, after the momentum
integrals are performed. The anti-symmetric propagator is constructed using Eq. (A.8):
Lasym(k, ω) =
1
(ω + i)2 − k2 −Πl(k, ω + i) −
1
(ω − i)2 − k2 −Πl(k, ω − i) , (A.15a)
T asym(k, ω) =
1
(ω + i)2 − k2 −Πt(k, ω + i) −
1
(ω − i)2 − k2 −Πt(k, ω − i) . (A.15b)
If the Πl,t are free of branch cuts, then these functions vanish everywhere in the complex-ω plane as
 → 0. If branch cuts are present, then the functions only vanish on the first Riemann sheet. These
expressions reduce further if Π(k, ω − i) = Π(k, ω + i)∗, and then
Lasym(k, ω) = 2i Im
[ 1
(ω + i)2 − k2 −Πl(k, ω + i)
]
= 2i Im
[
Lr(k, ω)
]
, (A.16a)
T asym(k, ω) = 2i Im
[ 1
(ω + i)2 − k2 −Πt(k, ω + i)
]
= 2i Im
[
T r(k, ω)
]
, (A.16b)
where Lr and T r are the longitudinal and transverse retarded propagators.
B Fluctuation Dissipation Theorem
The fluctuation-dissipation theorem can be expressed as
G˜< = fbe G˜
asym , (B.1)
where the Bose-Einstein distribution function is
fbe(ω) =
1
eβω − 1 =
(1
2
coth
βω
2
− 1
2
)
, (B.2)
and β = 1/T is the inverse temperature. Using the relations in Eq. (A.8), alternate versions of the
fluctuation-dissipation theorem are obtained:
G˜< =
(1
2
coth
βω
2
− 1
2
)
G˜asym , (B.3)
G˜> =
(1
2
coth
βω
2
+
1
2
)
G˜asym , (B.4)
G˜sym = coth
βω
2
G˜asym . (B.5)
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For a derivation of the fluctuation-dissipation theorem see chapter 3 of [67] (also chapter 1 of [46]
or chapter 11 of [68, 69]). One can obtain Eq. (B.1) in the following way. sThe thermally averaged
unequal time two point functions, Eqs. (A.2) and (A.3), can be written as
iG>ij(x− x′) =
1
Z
∑
n
〈n| e−βHAi(x)Aj(x′) |n〉 , (B.6)
iG<ij(x− x′) =
1
Z
∑
n
〈n| e−βHAj(x′)Ai(x) |n〉 , (B.7)
where Z = Tr e−βH is the partition function, H is the Hamiltonian of the system, H |n〉 = En |n〉 and
{|n〉} form an orthonormal basis of the energy eigenstates. The Heisenberg picture field operators can
be written as A(x, t) = eiHtA(x, 0)e−iHt, and we will drop the spatial index for notational simplicity.
Inserting an identity 1 =
∑
m |m〉 〈m| leads to
iG>(x− x′) = 1
Z
∑
m,n
e−βEn ei(En−Em)(t−t
′)Anm(x) Amn(x′) , (B.8)
iG<(x− x′) = 1
Z
∑
m,n
e−βEn ei(En−Em)(t−t
′)Anm(x) Amn(x′) e−β(Em−En) , (B.9)
where we defined Anm(x) ≡ 〈n|A(x, 0) |m〉, and we have also replaced m → n to get the expression
for G<(x− x′) in the second line. Note that the expressions under the sum only differ by a factor of
e−β(Em−En). Upon taking the temporal Fourier transforms of (B.8) and (B.9), we obtain
iG˜>(x− x′, ω) = 2pi
Z
∑
m,n
e−βEn Anm(x) Amn(x′) δ(ω + En − Em) , (B.10)
iG˜<(x− x′, ω) = 2pi
Z
∑
m,n
e−βEn Anm(x) Amn(x′) δ(ω + En − Em) e−β(Em−En) . (B.11)
The Dirac delta function δ(ω + En − Em) in the above expressions guarantees that Em − En = ω,
hence, (B.11) can also be written in terms of (B.10) as
G˜<(x− x′, ω) = e−βωG˜>(x− x′, ω) . (B.12)
We finally obtain Eq. (B.1) by taking the spatial Fourier transform and using the relations in Eq. (A.8).
C Thermal Fluctuations in a Relativistic Plasma
For a relativistic plasma in the high-temperature (hard thermal loop) approximation m,ω, k  T ,
the longitudinal and transverse components of the photon polarization tensor are [70]
Πl(k, ω) =
1
a2
(
1− ω
2
k2
)[
1 +
1
2
ω
k
ln
ω − k
ω + k
]
, (C.1)
Πt(k, ω) =
1
2a2
ω2
k2
[
1− 1
2
k
ω
(
1− ω
2
k2
)
ln
ω − k
ω + k
]
. (C.2)
The parameter a is the Debye length, and the logarithm is a Legendre function of the second kind
Q0(z) = (1/2) log(1 + z)/(1− z) with z = k/ω. Both Πl and Πt have a branch cut along ω ∈ (−k, k).
Using Eqs. (C.1) and (C.2) we construct the antisymmetric propagators Lasym and T asym from
Eq. (A.15). Both functions have the same analytic structure, which is shown in Fig. 6. The poles and
cut in the lower (upper) half plane arise from the first (second) terms in Eq. (A.15), corresponding to
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the retarded (advanced) propagator. As we take  → 0 the functions vanish everywhere on the first
Riemann sheet apart from the region pinched off between the branch cuts. This leaves [46]
iLasym(k, ω) =
−2 Il(k, ω)[
ω2 − k2 − Rl(k, ω)
]2
+
[
Il(k, ω)
]2 , (C.3)
iT asym(k, ω) =
−2 It(k, ω)[
ω2 − k2 − Rt(k, ω)
]2
+
[
It(k, ω)
]2 , (C.4)
where
Rl(k, ω) =
1
a2
(
1− ω
2
k2
)[
1 +
1
2
ω
k
ln
|ω − k|
|ω + k|
]
, (C.5a)
Il(k, ω) =
1
a2
(
1− ω
2
k2
)
1
2
ω
k
piΘ
[
(k − ω)(ω + k)] , (C.5b)
Rt(k, ω) =
1
2a2
ω2
k2
[
1− 1
2
k
ω
(
1− ω
2
k2
)
ln
|ω − k|
|ω + k|
]
, (C.5c)
It(k, ω) = − 1
2a2
ω2
k2
1
2
k
ω
(
1− ω
2
k2
)
piΘ
[
(k − ω)(ω + k)] . (C.5d)
Here Θ(x) is the Heaviside step function, which equals 1 for x > 0 and 0 otherwise. These functions
are nothing more than the real and imaginary parts of the Πl,t evaluated along the real axis and above
the branch cut from −k < ω < k. We can also write
Lasym(k, ω) = 2i Im
[
1
ω2 − k2 − Rl(k, ω)− iIl(k, ω)
]
, (C.6)
T asym(k, ω) = 2i Im
[
1
ω2 − k2 − Rt(k, ω)− iIt(k, ω)
]
(C.7)
for ω along the real axis where the R’s and I’s are real. Finally the fluctuation-dissipation theorem
in Eq. (B.4) gives
L>(k, ω) = 2i
( 1
βω
+
1
2
)
Im
[
1
ω2 − k2 − Rl(k, ω)− iIl(k, ω)
]
, (C.8)
T>(k, ω) = 2i
( 1
βω
+
1
2
)
Im
[
1
ω2 − k2 − Rt(k, ω)− iIt(k, ω)
]
, (C.9)
where we have used βω  1 and expanded cothβω/2.
The root-mean-square (rms) amplitude of transverse gauge field fluctuations is estimated as
Arms(k, ω) ∼ lim
ω′→ω
lim
k′→k
√
ω
2pi
k3
(2pi)3
ω′
2pi
k′3
(2pi)3
PTij (kˆ)〈Ai(K)Aj(K ′)†〉 , (C.10)
where the transverse projection operator PTij (kˆ) was defined in Eq. (A.13). The two-point function is
simply (2pi)4δ(K−K ′)iG˜>ii(K) from Eq. (A.11a). Using the fluctuation-dissipation theorem, Eq. (B.4),
we write G˜> in terms of G˜asym to obtain
Arms(k, ω) ∼
√
ω
2pi
k3
(2pi)3
(
1
2
coth
βω
2
+
1
2
)
PTij (kˆ) iG˜
asym
ij (K) . (C.11)
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Figure 6. The analytic structure of Lasym(k, ω) and T asym(k, ω) in the complex ω-plane. The red dots
indicate first-order poles, the gray crosses indicate branch points, and the dotted lines indicate branch cuts.
In the high-temperature limit, βω  1, the parenthetical factor is simply 1/βω. Using now the tensor
decomposition in Eq. (A.12) and the expression for T asym in Eq. (C.4) gives
Arms(k, ω) ∼
√
ω
2pi
k3
(2pi)3
1
βω
iT asym(k, ω) (C.12)
=
√
T
a
(ak)3/2√
2pi3/2
√√√√ x (1− x2)
pi2x2 (1− x2)2 +
[
2x2 + 4a2k2 (1− x2) + x (1− x2) ln 1+x1−x
]2
where x ≡ ω/k and we assume 0 < x < 1. For |ω|  k and ak  1 we can expand this expression to
obtain
Arms(k, ω) ∼
√
T
a
(
1
4pik
√
1
2pia
ω1/2 − pi
128a4k7
√
1
2pia
ω5/2 + · · ·
)
. (C.13)
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